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Introduction

Goal:

e Present the canonical dynamic general equilibrium model of incomplete markets with
household heterogeneity.

e The framework is used to analyze questions such as:
» How much of the wealth inequality can be explained by earnings variation across agents?

» What are the distributional implications of various fiscal policies? How are inequality and
welfare affected by such policies?

» What are the macroeconomic consequences of this heterogeneity in aggregate variables and

prices?

e We focus on the stationary equilibrium, the equilibria with constant prices through time.
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Introduction

Model Ingredients:

e Typical consumption-savings problem in Infinite horizon.

e Two important features:

1. ldiosyncratic Shocks: Individuals receive exogenous “income shocks™ e.g., unemployment
shocks, promotions, etc.

2. Incomplete Markets: They cannot trade assets (there is no way to buy insurance in the

market).

e There is NO aggregate uncertainty.
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Introduction

e Individuals are ex-ante homogeneous.
» ...but will be ex-post heterogeneous!

e Exogenous earnings distribution, but endogenous wealth distribution.

e Intuition:

» Lucky individuals that receive a sequence of high-income shocks will accumulate assets to
insure themselves against future low-income;

» Unlucky individuals that receive bad shocks will have no assets;

» Equilibrium will feature a non-degenerate stationary wealth distribution.
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Road Map

To fully solve the model, we go through three building blocks:
1. The household consumption-savings problem (asset supply function);
» Solve the household problem;

» Solve for the endogenous stationary distribution;
» Use the distribution and the HH decisions to get the aggregate asset supply.

2. Asset demand function;
» It can be from the aggregate production function (e.g., firms) or government;

3. Finally, find the equilibrium in the asset market;
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Model

Individual’s Problem
e Discrete time, infinite horizon, future utility is discounted by 5 € (0,1).
e Continuum of individuals with unitary mass.

e Earnings are given by w;s;, where w; is the market wage and s; is a labor endowment,
which is idiosyncratic and follows a Markov chain with transition probabilities:

7(s', 8) = Pr(sip1 =8| sy = s). (1)

e The individual supplies labor inelastically. The per period utility function is given by:
u(ct), where v/ >0, u” < 0 and ¢; > 0.
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Individual’s Problem

e Agents only have access to a riskless bond that pays an interest rate r.
» No access to a full set of state-contigent Arrrow-securities. This is the incomplete market.

e They can save and borrow, but there is a borrowing constraint ¢.

e Full individual problem:

o
max [Eg Z Bru(cy)
Ct, Gt41 =0
subject to ¢ + arr1 = wisy + ar(1 + 1),

ary1 > —¢ and ¢ >0 fort=0,1,..,00

ap is given.
e We will look for a stationary equilibrium so ignore time subscripts in prices for a moment

(more on that later).
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Borrowing Constraint

e The borrowing constraint can be set exogenously or be bounded by the natural debt

limit.

e The natural debt limit is the maximum borrowing that the household can pay back (if

¢t = 0 and syip in all periods).

e lterating forward:

wst at+1
_ 1 — >0=a; > —
a=wsg+a(l+7r) — a1 > YT T,
a ws 1 ws a
0 > st o WSt (_ 1 t+2>2...
L+r  14r = 1+4r 147\ 14r  l4r
- ( 1 )iw3t+j
a > —
= L+ =1+

note that because 7 > 0 and a;; bounded, the limit of az/(1 + )T goes to zero as

T — oo.
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Borrowing Constraint

e The worst case scenario is when the agent receives the lowest realization in every ¢ + 5:
Smin = St+j. Substituting and we get the natural debt limit:
WSmin

Q¢ Z . (2)

r

e Inada Conditions: with Inada conditions (u(0) = —o0), the consumer will never borrow
up to the natural debt limit since this implies zero consumption.

e That is NOT true with ad-hoc borrowing limits above the natural one!

e Let us now consider the possibility that the borrowing constraint can bind.
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Consumption-Savings Problem

e Consider the Karush-Kuhn-Tucker of the consumption-savings problem and let i be the
multiplier of the borrowing constraint.

o)
L=TFo> {B'ulcr) + M(ws; + ar(1+7) — ¢ — ar1) + pu(arss + ¢)}
t=0
with KKT conditions y; > 0 and p¢(azs1 + ¢) = 0.
e The solution implies the Euler Equation for all ¢:
u'(cr) = B(L+r)Ee[u'(cra)] + pu
e If the constraint does not bind, a;11 > —¢ = pu; = 0, we have the standard Euler

Equation.
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Consumption-Savings Problem

If the borrowing constraint is binding, a;+1 = —¢ and p; > 0:

u'(cr) > B(1+7)Ee[u (cry1)]-

That means marginal utility of consumption at ¢ is too high (i.e., ¢; is too low). The
household would like to consume more and smooth consumption but cannot do it.

In this case, the household will just consume everything and hope for a higher income in
the future.

This situation may arise if the household is too poor (low wealth or low income) and/or
the borrowing constraint is too tight. Aiyagari (1994) summarizes in a figure.
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Optimal Savings

Recall the EE: u/(¢;) = (1 + 7)E¢[u (ci41)]-

What else can we say about optimal savings?

Three reasons:

1. Intertemporal substitution: S vs (1 + 7).
2. Consumption smoothing: desire of smoothing out contemporaneous income shocks.
3. Precautionary savings: insurance against future shocks.

If there is no uncertainty only 1. is present; with uncertainty 2. is present, but 3. depends
on the u() or whether the borrowing constraint can bind.
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Precautionary Savings

Suppose 2 periods, (1 +7) =1 and s; =5 (deterministic).

' (ag(1+71) +wsg —ar) = v (a1 (1 +7) + ws — as)

Only 2 periods: as = 0.

Suppose s =3 + &, where £ ~ G(o) with mean zero and variance o.

How the savings behavior changed with the increase in risk?

If the marginal utility is convex, u"(¢) > 0, by Jensen's inequality:

E[u'(a1(1 +r) + w5 + we)] > v/ (a1 (1 + ) + w3)

If the marginal utility is convex, increase in uncertainty implies precautionary savings!

14/32



Savings: Risk aversion vs Prudence

Risk aversion: curvature of u() = consumption smoothing!

Prudence: curvature of marginal utility u/() = precautionary savings!

Example 1: CRRA: «” < 0 (risk aversion) e " > 0 (prudence).

Example 2: Quadratic utility:

u”" < 0 (risk aversion) but v =0 — no prudence!
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Precautionary Savings: Borrowing Constraint

e Suppose there is a non-zero probability that in ¢t + 1 the borrowing constraint will bind.
» In this case, the individual will NOT be able to smooth consumption.

u'(cr) = B(1+7)Ee[t (cry1)]

e Even if the borrowing constraint cannot bind in ¢ + 1, it may bind in the future.

» Precautionary savings depends on how likely the constraint binds (how tight ¢ is, the
stochastic process of s, etc).

e This motive is present even if u() does not have prudence (quadratic utility).
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Consumption-Savings

e To solve the full consumption-savings problem, we can use standard dynamic programming
techniques.

e The Bellman equation:

Via,s) = a%aixqs{u((l +rja+ws—ad)+ Z n(s',s)V(d,s')}

with the associated policy function @’ = g4(a, s) (¢ = gc(a, s) is recovered using the
budget constraint).

e Like Aiyagari, if s is iid we can also use a cash-on-hand formulation.
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From Partial to General Equilibrium

At this point, we have taken w and r as given and solved the partial equilibrium problem
of the consumer.

Now, we proceed to solve the general equilibrium: we must find the r such that the asset
market clears.

We focus on the stationary equilibrium: the aggregates such as total assets, and prices
will be constant over time, but the individuals will move up or down the earnings and
wealth distribution!

The equilibrium will feature a stationary distribution: a time-invariant distribution that
will replicate itself every period.
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Stationary Distribution

e The household is characterized by their pair (a,s). Let the joint distribution of types be
A(a, s) = Pr(a; = a, sy = s).

o Given the distribution of agents A\:(a, s), how can we find \i11(a, s)? where Z is an
indicator function.

e Intuitively, a household (a, s) moves to the next state according to the optimal policy
function and the exogenous Markov chain.

o Let Q((a,s), A xS)) be the probability that a household with state (a, s) transits to the
set A x S:

Q((a,s), AxS8)) =T{gs(a,s) € A} Z (s, s)

s'eS
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Stationary Distribution

e To get the next period distribution, we just need to apply the transition function @ to all
the points of the distribution:

A1 (A X S) = s Q((a, s), A x 8))dA;

e The stationary distribution is the distribution that replicates itself for all (a,s) € A x S:
Aa, s) = M(a, s) = Mt1(a, s).

e Intuition: if we discretize the asset space, ) can be interpreted as a transition probability
matrix of a Markov chain with state-space A x S.
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Intuition using a Discrete Distribution

e Suppose we discretize the distribution in two asset states and two income states.
» An entry A(a;, s;) is the fraction of agents in state (a;, s;).

e The matrix @ is the transition matrix that governs the fraction of agents in state

At(ai, sj) that moves to all states of A4 1:

At+1(a, s1

(
Atv1(a1, s
Apra(

(

At+1(az, s2
—_——

At+1

az, 1

Q1,4

Q4,4 N——

e We know that under certain conditions, the Markov chain admits a unique stationary

distribution A(a, s).
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Stationary Distribution

Interpretation of the stationary distribution:
e The fraction of time that an infinitely lived agent spends in the state (a, s).
e Fraction of households in the state (a, s) in a given period in the stationary equilibrium.

e The initial distribution of agents remains constant over time even though the state of the
individual household is a stochastic process.
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Asset Supply

e Once we have the stationary distribution, we can find the aggregate the aggregate asset
supply by summing the savings of all households.

e In other words, we must integrate the distribution to find the Asset Supply Function:

Ea(r) :/Axsga(a,s;r)d)\(a,s;r).

e Note the dependence of r through the savings policy function and the distribution.
> Asset supply is increasing with the interest rate: 1 r =1 Ea(r).
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Closing the Model

e To close the model, we must define the demand for assets in the economy. Two options:

» Hugget (1993): Credit economy. Some agents borrow, others will lend. The loan market
clears when aggregate demand for loans is zero.

/ ga(a,s)dA =0
AxS

» Aiyagari (1994): Production economy. Firms demand capital to produce. Market clears
when household savings equalize capital demand.

/ ga(a,8)dA =K
AxS

e We follow Aiyagari (1994) and assume an aggregate production function.
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Firms

e Let the production function be Y = F(K, N) = K“N'=% where o € (0, 1).
e Capital depreciates at rate §.

e Markets are competitive and the solution of the firm problem is standard (¢ is omitted):

ON
—(1-a)
Lo OPUSN) (K
oK N

e Tight connection between w and r through the capital-labor ratio:
tr & |JK/N < |w.
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Equilibrium

e Notice that labor supply is inelastic, so aggregate labor is given by the sum of all labor
endowments in the economy.

e Let II(s) be the invariant distribution of the Markov chain. Aggregate labor supply is:

Nt = Z SiH(Si)

i

e Example: two state Markov chain with s; = 1, so = 2 and symmetric transition matrix.
Ny=1x054+2x0.5=1.5.
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Equilibrium Definition

A stationary recursive competitive equilibrium is a value function V'; policy functions for
the household g, and g.; firm's choice K and N; prices w and r; and, a stationary distribution
A such that:

1.

2.

3.

Given prices, the V, g4, and g. solve the household problem.
Given prices, K and N solves the firm's problem:

Given the transition function ), the stationary distribution satisfies:

NAXS) = [ Ql(a,s), A% 8))ax

The labor market clears: Ny = ). s;11(s;).

. The asset market clears: [, ¢ga4(a,s)d\ = K.

The goods market clears: [, ¢ gc(a,s)d\+ 0K = F(K,N).
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Existence of Equilibrium

e Focus on the asset market: with Cobb-Douglas, it is easy to see that wage is just a

function of r.

e To find an equilibrium, we must show that the excess demand function intersects at zero.

» Technically, we need to show that is continuous and strictly monotone.

e Capital Demand: from the firm's problem, capital demand is

K(r) = <Ti5>1iaN’

fr—=—90=K—=4+o0;ifr = +o0o=K —=0.
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Existence of Equilibrium

e Asset Supply:
Ea(r) :/ gala, s;r)dA(a, s;T).
AxS

e The asset supply is bounded above by: (1+ )8 = 1.
> Intuitively, (1+7)8 =1 is the complete markets/nonstochastic steady state equilibrium.
» Because of precautionary savings, for a given r, the asset accumulation must always be
higher than the certainty case.
» With uncertainty, If (14 )8 = 1, the agent will accumulate assets to +oo.
» See Ljungqvist and Sargent for the full argument.

1
r—>B—1:>]Ea(r)—>—|—oo.
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General Equilibrium

0 ASSETS, CAPITAL 2

A
r
A
P
/0
-1

Fi1GURE Ila
Interest Rate versus Per Capita Assets

2

n

-b

Fi1GURE IIb
Steady-State Determination

Source: Aiyagari (1994). Note: A = % —1; ¢f = Pmin > ¢
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General Equilibrium

e In general equilibrium, 7 is determined endogenously by: Ea(r) = K(r).

e Because of precautionary savings, aggregate savings will be higher than the case of
certainty (and 7 will be lower).

e The tightness of the borrowing constraint, ¢, is important. If agents are not allowed to
borrow, precautionary savings will be higher and » will be even lower.
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Conclusion

Incomplete Markets Model: new theoretical insights which open the door for old
questions (capital taxation, government debt, etc).

e But, where the model shines is to provide a framework to study new questions related to
income/wealth inequality.

A large subsequent literature works so the model matches the distribution of wealth well.

Then, study policies where inequality is central (progressive taxation, social security, etc).
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Extension: Fiscal Policy

e Precautionary Savings: aggregate capital are higher than the pareto optimal.

e In the baseline model, policies that reduces aggregate savings are Pareto improving. For
instance: capital taxation and government debt.

e Government budget constraint:
Gt+(1+Tt)Bt:Bt+1+Tt in SS = G+rB=T

where B is the government debt, Gy is the government consumption and T} aggregate tax
revenue.

e The market clearing conditions (in SS) also change:
> Asset market: [, oga(a,s)dA=A=K + B.
» Goods market : [, sgc(a,s)d\+ 0K + G = F(K,N).
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Extension: Fiscal Policy

e Suppose all households are subject to the same tax rates. HH budget constraint:
(14 7))+ a1 =wse(1 — 7)) +ac(1+7r(1—7.))+7

where 7. is cons. tax, 7, labor income tax, 7, capital income tax, and 7 lump-sum transfer.

e Aggregate tax revenue is the sum of all taxes levied on the households.
T= /Twws)\(a, s) +/T7ma}\(a, s) Jr/ch)\(a, s) +/T)\(a, s)
T=71owN+1717A+7.C+1

e One tax instrument must be chosen so the government budget constraint is satisfied. All
the others can be calibrated.
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Extension: Fiscal Policy

e Must calibrate fiscal policy rules:

» Fraction of gov. expenditure of GDP: g, = G/Y".
» Public debt-to-GDP: b, = B/Y.

e What is the effect of higher public debt? Aiyagari and McGrattan (1998, JME) study what
is the optimal government debt level (i.e., b,).

» Some debt may be good since it provides liquidity for the HH and raises r.
» But distortionary taxation is bad and G crowds out investment.

» They find that some debt is welfare improving, but the effects are small

e When considering life-cycle motives, Peterman and Sager (2022, AEJ: Macro) find that
public savings is optimal.
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Extension: Progressive Taxation

e A functional form that captures progressivity (See Benabou (2002), Heathcote et al.
(2017)):

T2

T(y) =y —ny"~ where y is the individual labor income.

> T gives the degree of progressivity, i.e. it measures the elasticity of posttax to pretax income.
» Given 7o, 71 shifts the tax function and determines the average level of taxation in the
economy.

e Aggregate tax income is the sum (integral) of all individuals in the economy:

T— / T(ys)di

» Gov. budget can be balanced either by shifting the fraction of gov. expenditure, g,, (as in
Heathcote et al (2017)), or by adding an extra lump-sum transfer (as in Boar and Midrigan
(2022)).
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Extension: Progressive Taxation (T'(y) =y — Ty )

e The tax is progressive if the ratio of marginal to average tax rates is larger than 1 for every

level of income.

» 79 = 1: full redistribution = T'(y) =y — 7.
» 0 <7y < 1: progressivity = T"(y) > T
» 79 = 0: no redistribution = T"(y) = —y =1-m.

> 79 < 0: regressivity = T'(y) < %

1
e Break-even income: yp. = 7,
> If yi > ype, 7 is a taxpayer.

> If y; < ype, 1 receives a transfer.
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How to Evaluate Optimal Policy?

e Suppose we want to evaluate two tax levels (7o or 71).
» Representative Agent: Compare differences in utility of the RA.
» Heterogeneous Agent: There is a distribution of welfare. Must specify a
Social Welfare Function.

e The most common is Utilitarian. See Boar and Midrigan (2022) and Bénabou (2002) for a
discussion.

e We have to compute the average lifetime utility weighted by the distribution for both
policies:

Wi(r) = / V(a, 5:7)d\
AxS
where V'(a, s; ) expected lifetime utility for poIicy T

(a,s;7) EZBt (cr)! s.t. Budget Constraint
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How to Evaluate Optimal Policy?

e Comparing different policies: we must take into account risk, endogenous distribution,
curvature of utility, etc = use Consumption-equivalent variation (CEV).

e CEV = %A by which every HH consumption has to be changed in order to make it
indifferent between the two policies: W () = W (71, A), where:

W (7, A :/A SEZ,Bt (< HA)) Tax =

t=0

W, A) = (1+A)- /ASIEZBt Dy (14 AW ()

t=0

e If A >0, then avg. welfare is higher in policy 7p:

W(T()):W(Tl,A) & A= <
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